We find exact localized time-periodic solutions with frequencies inside the linearized spectrum [intraband discrete breathers (IDBs)] in random nonlinear models using a new self-consistent method. The IDB frequencies belong to intervals between forbidden gaps generated by resonances with the linear modes, becoming fat Cantor sets in infinite systems. When localized IDBs are continued versus frequency, they delocalize and become multisite IDBs (not predicted by existing theorems), which can propagate energy. Some implications for energy relaxation in glasses are discussed. PACS numbers: 73.20.Jc, 63.20.Pw, 71.23.An Localized excitations in nonlinear lattices (solitons, polarons, breathers, etc.) have been studied for many years. However, it is only during the last decade that it has been realized, through numerical simulations at first [1] and rigorous theorems that followed [2] , that in classical systems which are both discrete and nonlinear, spatially localized and time-periodic (TP) solutions, the so-called discrete breathers (DBs) or intrinsic localized modes, exist generically. DBs are not restricted to special or integrable models but are robust solutions (when they are nonresonant with phonons) of systems of weakly coupled nonlinear oscillators in any dimension. Nonlinearity makes the vibrational frequency amplitude dependent and discreteness makes the linear phonon spectrum bounded. Then, when the DB's frequency and its harmonics are in the phonon gaps, no radiation is possible. DBs persist as exact, linearly stable solutions whose lifetimes in the presence of moderate fluctuations are much longer than predicted by standard relaxation models. These classical excitations have been found by molecular dynamics in a series of models with increasing complexity. They appear spontaneously in conditions out of thermodynamic equilibrium, such as thermal shocks [3] . The work on DBs up to now has been mainly focused on periodic lattices [4, 5] .
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It has been known since the pioneering work of Anderson that the linear modes of a random medium may be localized [6] . It is by now established that this phenomenon is universal and occurs in disordered systems in one and two dimensions, as well as in higher dimensions, when disorder is strong enough [7] . Disorder detunes, in some sense, all resonances that could exist between vibrations at different "spots" of the system, forbidding propagation of energy over long distance. Many applications to quantum and classical waves related to the understanding of nonperiodic or disordered crystals and amorphous solids were developed [7] .
Thus, it is natural to expect that when both nonlinearity and disorder are present, localization is enhanced. The actual situation is more complex [8] . For instance, in coupled electron-phonon (el-ph) disordered systems it is found that polaron formation is facilitated as one approaches the mobility edge and the localization length, l c , decreases upon increasing disorder, as expected, but when the disorder is strong and the linear spectrum is purely localized, l c increases when el-ph coupling increases [9] . In this Letter, we study the interplay of disorder and nonlinearity in classical lattice systems through exact DB solutions of a Klein-Gordon model with hard local potentials. Our approach is readily extended to soft potentials and to other models [10] . We demonstrate that nonlinearity plays a "double game." By studying DBs in random anharmonic models with a new self-consistent method, we find that disorder and nonlinearity generate exact spatially localized and TP solutions with frequencies that belong to Cantor sets with finite measure inside the linearized spectrum (often called a "band" here), as predicted by existence theorems [11] . This is a physically interesting frequency domain in which DBs are strictly forbidden in translationally invariant systems. We call these solutions intraband discrete breathers (IDBs). The gaps where localized IDBs do not exist are due to resonances with the Anderson modes. The width of these gaps decreases exponentially when the distance between the DB's and the mode's spatial location increases. But we also find that a small continuous variation in frequency (or, equivalently, in amplitude) renders these IDBs exact extended TP solutions. In this case nonlinearity restores resonances between distant sites and allows for spatially extended states that can propagate vibrational energy by phase torsion of multibreathers (multi-DBs), as for extraband discrete breathers (EDBs) in periodic systems [4, 12] . We have recently obtained these extended IDBs with carefully controlled continuation methods and detailed analysis of bifurcation diagrams [13] .
We study systems described by Hamiltonians:
where u i and p i are the displacement and momentum of the oscillator at site i, respectively, and C is the coupling between nearest neighbors. Randomness is included in the local potential V i ͑u i ͒, which for the examples presented here is
where v 2 i,0 are chosen randomly with a uniform probability distribution in an interval ͓v 2 min,0 , v 2 max,0 ͔. In our 1D examples, where the linear spectrum is purely localized, and for small C, we can label any normal mode n of the linearized system by the site i where the amplitude of this mode is maximum, since modes are well peaked. The properties of these models, the controlled continuation methods, the stability analysis based on Krein theory and band analysis, as well as the detailed bifurcation schemes for the IDBs can be found in [13] . The proof for the existence of EDBs (in this case v b . v max q v 2 max,0 1 4C) is identical to the one for periodic systems based on the implicit function theorem [2, 14] . We can use the continuation methods from the anticontinuous (uncoupled) limit C 0, where each oscillator is integrable, to calculate EDBs (see [13] and references therein). The time-reversible solutions at the anticontinuous limit are characterized by a coding sequence ͕s i ͖ where s i 0 if oscillator i is at rest, s i 1 if it oscillates in phase with frequency v b , and s i 21 if it oscillates in antiphase (for simplicity, we do not consider here oscillations with pv b , i.e., s i 6p, with p integer). A single-site DB at i is obtained when s i 1 and s j 0 for all j fi i, and similarly, multi-DBs are obtained for several s i fi 0. They can be numerically continued as exponentially localized time-reversible and TP solutions up to nonzero values of C and for fixed C by varying v b , as long as v b remains outside the band. In order to understand the origin and the continuation properties of the IDBs, it is essential to consider the whole set of multi-DB solutions. In [13] , we found that when the multi-DB frequency varies and crosses many resonant linear frequencies, there are inverse bifurcations due to the fact that at C 0 there is a pitchfork bifurcation at each frequency crossed [15] . When the coupling is switched on, the degeneracy of each pitchfork is raised according to Fig. 8 of [13] and the solution cannot continue beyond the simple bifurcations that appear, unless its code has been chosen appropriately. We proposed an ansatz for choosing the codes of a family of multi-DB avoiding systematically all bifurcations as v b decreases (or, for a soft potential, increases) down to a frequency v c deep inside the band. This improved continuation scheme gives mostly extended IDBs, but we now present a new in situ method for the calculation of strictly localized IDBs.
We define the TP and time-reversible solution with frequency v b and coding sequence ͕s k ͖ to be a strictly localized IDB if and only if the codes of the set of sites j with v j , v b are s j 0, except for a finite subset of sites i 1 , i 2 , . . . , i p , where s i 1 fi 0, s i 2 fi 0, . . . , s i p fi 0. Then, we say that this solution is strictly localized at sites i 1 , i 2 , . . . , i p . This criterion of localization is trivially true at the anticontinuous limit and remains valid when the cou-
In a uniformly random system, localization is obtained by "vacation" of the sites that could develop a large response. The above criterion does not guarantee the existence of a solution but guarantees its strict localization, if it exists.
In order to find a localized IDB solution with v b on a site i, we apply a TP force on i with fixed v b . We continue the trivial vanishing solution as a function of the amplitude of the force and follow the 1D manifold of solutions that allows this amplitude to return to zero, where we obtain a nontrivial TP and time-reversible solution which is necessarily a localized IDB. This IDB is located on i or, when its existence on i is forbidden, on a nearby resonant site. Further continuation of the manifold yields new vanishings of the external force that correspond to more IDBs localized at several sites. The technical details will be presented elsewhere [16] , but this nonlinear response manifold (NLRM) method gives systematically and in situ spatially localized IDBs at the computer accuracy, independent of model, parameter values, and without using any uncoupled, or other limit. In other words, instead of solving the dynamical equations of the system [13] we search for TP solutions of the set of equations
The sine force with amplitude l is applied on the site i where we wish to create the single DB with frequency v b or at the sites where we wish to create a multi-DB. We call X͑l͒ ͕u i ͑0, l͖͒ the initial conditions with zero velocity ͕ ᠨ u i ͑0, l͒ 0͖ which yield a time-reversible solution of Eqs. (3) at a given l. We start from a known solution of these equations, like the trivial X͑0͒ ϵ ͕0͖ for l 0, and continue as a function of l with a Newton method. If the model were linear the response X͑l͒ would be a linear function of l. In our nonlinear problem the manifold X͑l͒ is not a straight line in the phase space, but a folded 1D manifold. For a system with size N, this 1D NLRM is embedded in the space R N11 . It is simpler and sufficient to represent only its projection on the 2D plane corresponding to the initial position u i ͑0͒ of oscillator i and l. In the vicinity of the origin, the slope of the projection of the NLRM can be obtained by linearizing Eq. (3), setting u i ͑t͒ a 
When v b increases and crosses some v n , this slope diverges to 1`, flips from 1`to 2`when v b v n , and next increases up to a finite value. The angle a͑v b ͒ rotates by p at each resonance v n . As an illustration, the evolution of the NLRM for various v b is shown in Fig. 1 for a 3-site system. We apply the periodic force at site 2 and we present the projection of the NLRM on this site versus l. With v j,1 denoting the edge of the resonance with v j , we distinguish six frequency intervals: Fig. 1(a) . The slope, Eq. (5), is positive and the NLRM has a unique intersection with l 0 at the origin. Only the trivial zero solution exists.
(ii) ͓v 2 , v 1 ͓, Figs. 1(b) and 1(c) . When v b crosses the lower normal frequency v 2 , the slope turns around the origin. Two symmetric intersections appear that correspond to the two linearly stable solutions with codes ͕111͖ and ͕21 2 1 2 1͖ in continuation of the normal mode v 2 localized at site 2. around the origin by half a turn and a lobe starts to grow just after the resonance at v 1 . Two new symmetric intersections with l 0 appear that correspond to the solutions ͕101͖ and ͕210 2 1͖. They are equivalent at small amplitude to the resonant normal mode v 1 and they are localized at 1. In addition, ͕111͖ and ͕21 2 1 2 1͖ persist but do not remain localized at 2. Their amplitude at 1 grows and they are delocalized 2-site IDBs. Thus, there is no localized IDB at 2 (first resonance gap).
(iv) ͓v 1,1 , v 3 ͓, Fig. 1(f) . The lobe generated at the resonance with v 1 develops and intersects l 0 at the edge of the resonance gap v 1,1 ഠ 1.142. Two new pairs of solutions appear with codes ͕011͖ (stable), ͕2111͖ (unstable), and their opposite. ͕011͖ and ͕0 2 1 2 1͖ are now the stable IDB solutions localized at 2.
(v) ͓v 3 , v 3,1 ͓ (second resonance gap). At v b v 3 , the stable solutions ͕001͖ and ͕00 2 1͖ appear in continuation of the normal mode v 3 . The ͕011͖ and ͕0 2 1 2 1͖ are now delocalized, becoming 2-site IDBs on 2 and 3. In Fig. 1(g) we plot only the first two intersections of the NLRM (and their two symmetric ones).
(vi) ͓v 3,1 , 1`͓. The resonance gap due to v 3 terminates at v 3,1 1.575, where the EDB solution ͕010͖ (and its opposite ͕0 2 10͖) appears localized at 2. In Fig. 1(h) we plot this intersection with l 0. As in Fig. 1(g) , if the NLRM is continued, we obtain all previous solutions, which are not shown here to avoid overloading the figure.
In summary, there exists a stable IDB localized at site 2 when v 2 # v b , v 1 with code ͕111͖, when v 1,1 # v b , v 3 with ͕011͖, and the EDB when v 3,1 # v b with ͕010͖ (and all opposite codes).
In Fig. 2(a) we present the first intersections of the NLRM for a large system with N 50 at frequency v b 1.1, the force applied on 40. We show only the codes of site 40 (center) and its eight nearest neighbors and we omit the labels of the opposite solutions on the other branch of the NLRM. The first intersection corresponds to the stable strictly localized solution at site 40. For all sites with v j , v b 1.1 the code is s j 0, except for i 40 with v 40 ഠ 0.907 and code s 40 1. All sites with v j $ 1.1 have s j 61, the sign determined by stability [13] . The second intersection corresponds to the unstable solution that bifurcates with the first one at frequency slightly below 1.1, the third to a stable single IDB localized at the neighbor site 41, and the fourth to a stable 2-site IDB localized at sites 40 and 41. In Figs more around the origin and develops a new pair of circumvolutions within a frequency interval ͓v n , v n,1 ͔, as in Fig. 1 . If there is no resonance overlap, i.e., no other normal mode frequency in this interval, the number of "trends" close to the origin is tripled. When v b crosses P normal mode frequencies, the NLRM should exhibit 3 P intersections with l 0.
In systems with dense linear spectrum, there are resonance overlaps and the analysis is more complicated than the above pedagogical examples [16] . The width of the resonances d j v j,1 2 v j generated by j on DB's site i decreases as C 2͞3 , as a standard perturbation calculation and numerical results show [16] . In large systems, d j decreases exponentially as a function of the distance ki 2 jk. When d j is very small, the transformations of the NLRM shown in Fig. 1 shrink in a narrow frequency interval and become numerically undetectable for ki 2 jk ¿ l c . When we search for a strictly localized single IDB, there are several gaps in frequency in which the single-site solution delocalizes by spreading to a resonant site, and where there is no strictly localized IDB. A strictly localized IDB at the given site is recovered as soon as the edge of the frequency gap is reached. The new localized IDB is obtained by jumping discontinuously to another solution where the resonant site is "vacated."
In an infinite system, the number of resonances, and thus the number of gaps, becomes infinite so that a strictly localized IDB at site i exists only if its frequency belongs to a fat Cantor set C i . The measure of this Cantor is finite for small C because the widths of the gaps associated with distant resonant sites become exponentially small. This result is supported by the theorem of Ref. [11] . Our study suggests, as a natural extension, the conjecture that IDBs which are strictly localized at a given set of sites i k ͑k 1, . . . , p͒ exist with frequencies v b . v i k for all k, belonging to a fat Cantor set C i 1 ,i 2 ,...,i p . When s l 61 for all v l $ v i and s l 0 for all v l , v i , the multi-DB vanishes as the linear mode v i . In addition, based on our stability analysis for finite systems [13] , we conjecture that localized IDBs on i are linearly stable when their frequency belongs to a smaller Cantor set C Our result, that localized IDBs exist in random nonlinear models, but become extended solutions that can propagate energy as soon as their frequency is continuously varied, could lead to a nonphenomenological understanding of disordered systems. On one hand, even small nonlinearities delocalize purely localized linear modes, implying that a nonvanishing residual thermal conductivity persists at low temperature and drops to zero at 0 K. On the other hand, a substantial part of vibrational energy may be spontaneously trapped as localized IDBs for very long times, which could become macroscopic at low temperature. These effects (easily checked by molecular dynamics) provide an alternative interpretation for slow relaxation processes in glasses, such as persistent spectral hole burning, usually described by two-level models.
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